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Research has shown that neural networks can be used to improve on approximatedynamic inversion for control
of uncertain nonlinearsystems. In onearchitecture, the neural network adaptively cancels inversion errors through
on-line learning. Such learning is accomplishedby a simple weight update rule derived from Lyapunovtheory, thus
assuring the stability of the closed-loop system. This methodology is reviewed and extended to incorporate an im-
portant class of neural networks with one sigmoidalhidden layer. An agile antiair-missile autopilot is subsequently
designed using this control scheme. A control law based on approximate inversion of the nonlinear dynamics is
presented. This control system is augmented by the addition of a neural network with on-line learning. Numerical
results from a nonlinear agile antiair-missile simulation demonstrate the effectiveness of the resulting autopilot.

Introduction

A DVANCES in � ghter aircraft technology continue to create
challengesfor designersof antiair weapon systems. The intro-

duction of low-observableaircraft has increased the need for small,
lightweight missiles. This, in turn, has led to control problems as-
sociated with airbreathing propulsion, asymmetric airframes, and
reduced aerodynamic control surface area. Similarly, the advent of
supermaneuverableaircrafthasmotivatedeffortsto expandthe � ight
envelopeof a missile to includehigh-angle-of-attack conditions.Ac-
cordingly, some proposed next-generationmissiles employ propul-
sive control mechanisms such as thrust vectoring and reaction jets.
These agile missiles achieve increased range by executing propul-
sive headingchangesduring the boost phaseof � ight. Such weapons
can be deployed during high-angle-of-attack maneuvers and may
engage targets in the rear hemisphere relative to the launch aircraft.

The dynamics of an agile missile � ying in bank-to-turn mode
at a high angle of attack are inherently nonlinear and may vary
rapidly with time. Further, these dynamics are uncertain because
aerodynamic data for vehicles operating under such conditions is
dif� cult to obtain and may be a poor approximation to actual � ight
conditions.These and other concerns have prompted researchers to
look beyond classical methods, which have historically dominated
missile autopilot design. Robust, nonlinear, and neural-network-
based control algorithms are particularlywell suited for use in agile
missile � ight control.

Most nonlinear control techniques are based on linearizing the
equations of motion by the application of nonlinear feedback.
Known as feedback linearization,or dynamic inversion, thesemeth-
ods relyheavilyonprecisea prioriknowledgeof the plantdynamics.
An early application of this theory to the missile autopilot design
problemis found in Ref. 1, whereas Ref. 2 presents a more sophisti-
cated approach involving variable structure control. More recently,
neural networks have emerged as a means of explicitly account-
ing for uncertainties in plant dynamics. Their on-line learning and
functional approximation capabilitiesmake neural networks an ex-
cellent candidate for this application. Reference 3 is one example
of a missile autopilot using neural networks.

This paper concerns the neural-network-basedapproach to direct
adaptive control of nonlinear systems that was featured in Ref. 4.
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In this approach, � rst proposed in Ref. 5 and further developed in
Ref. 6, a simple dynamic inversion controller approximately lin-
earizes the vehicle dynamics. This controller is augmented by a
neural network that acts to improve the linearization by adaptively
canceling inversion errors in real time. The neural-network imple-
mentation features a stable on-line learning algorithm derived from
Lyapunov theory. Because Refs. 5 and 6 dealt speci� cally with
� ghter aircraft and helicopter applications, respectively, the work
described in this paper extends these efforts while adapting them
speci� cally to the agile missile control problem. The result is an
autopilot that combines the best featuresof dynamic inversion,neu-
ral networks, and adaptive control to increase the effectivenessand
versatility of tomorrow’s missile systems.

The preliminary study presented in Ref. 7 revealed that neural
networks are capable of attaining suf� ciently high learning rates to
make adaptation feasible even during the most demanding aerial
engagements. In fact, previous work documented in Ref. 8 shows
that the methodology considered here compares favorably to tra-
ditional gain-scheduled linear methods for this application. This
paper extends the results of earlier research, which admitted only
linear-in-parameters (LIP) neural networks with no hidden layers,
to accommodate the important class of single-hidden-layer (SHL)
networks. These architectures are of particular interest because of
their proven functional approximation capabilities. This theoreti-
cal extension is based on the work described in Ref. 9, which was
originallyspecializedto the controlof robotic manipulators.It is ex-
panded herein to address a more general class of nonlinearsystems,
including systems that depend nonlinearly on the input.

The paper begins with a descriptionof the proposedcontrollerar-
chitecture, includingsome of the principal aspects of its Lyapunov-
basedproofof stability.For thecompleteproofof stability,the reader
may consultRef. 10. The methodologyin question is then applied to
an agile antiair-missileautopilot design problem. First, the baseline
control scheme consisting of an approximate inversion of the mis-
sile’s six-degree-of-freedomnonlinear dynamics is presented. An
SHL neural network is then designed to offset residual nonlineari-
ties, enhancingthe performanceof this nonlinearcontroller.Numer-
ical simulation results for an agile antiair missile demonstrate the
feasibility of this autopilot design technique. Finally, conclusions
and future research directions are discussed.

Control Design Methodology
Consider a block-triangularnonlinear system with the following

structure:

Çx1 = f1(x1) + g1(x1)x2 Çx2 = f2(x1, x2, u) + d(t) (1)
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Fig. 1 Open-loop nonlinear system.

where x1, x2, u, d 2 < n and g1(x1) remains nonsingular for all x1.
We assume that the external disturbanced is boundedby j d j ·d ¤ . A
block diagramof this system is included in Fig. 1. Given a reference
trajectory de� ned by x1c(t ) and its derivatives Çx1c(t) and ẍ1c(t),
the objective is to achieve stable command following via full-state
feedback.

Approximate Nonlinear Control
Suppose that the dynamics of the x1 subsystem are well known,

but the nonlinearity f2 is only known approximately.With the state
errorde� nedby x̃1 =x1c(t) ¡ x1, supposefurthermorethat an asymp-
totically stabilizing controller ®1(x̃1 , t ) for the x̃1 error dynamics
with x2 as input is also known with an associatedLyapunovfunction
L1 . One simple choice for designing®1 is to use dynamic inversion.
Note, however, that ®1 need not be an inverting controller. If, for
example, the plant dynamics include so-called bene� cial nonlinear-
ities, these terms need not be canceled by the nonlinear feedback.
This is described as lean nonlinear control in Ref. 11 with regard
to integratorbackstepping.Next, form an augmented control law as
follows:

®̄1(x̃1, t ) = ®1 + gT
1 ( @L1

@x̃1

T́

(2)

This control ensures that the x̃1 error dynamics are input-to-state
stable (ISS) with respect to x̃2 , an error variable de� ned as follows:

x̃2 = ®̄1 ¡ x2 (3)

The ISS propertyallows us to address the problem of stabilizingthe
x̃2 dynamics independently of x̃1 . Note that when d(t ) ´ 0, these
dynamics take the form

Çx̃2 = Ç®̄1 ¡ f2(x1 , x2 , u) (4)

By rede� ning the input, x2 the dynamics may be rewritten (in the
absence of external disturbances) as follows:

Çx2 = v

v = f2(x1, x2 , u) (5)

where v(t) 2 Rn is a pseudocontrol input. If the mapping f2(x1,
x2, u) is invertible and full-state feedback is available, the de� ni-
tion of v provides a linearizing transformation of the control. The
corresponding inverse transformation is written as

u = f ¡ 1
2 (x1, x2 , v) (6)

and must be computedin real time when the control is implemented.
If the mapping f2 is known and its inverse is computed accurately,
then the system is exactly linearized.

In the case of perfect inversion, linear control theory may be used
to construct a stabilizing pseudocontrol input for the x̃2 dynamics.
For this purpose,we proposea pseudocontrolof the following form:

v = K2 x̃2 + Ç®̄1 (7)

The last term in Eq. (7) has the effect of the command derivative
term in model-followingcontroland is necessaryto achievetracking
of arbitrary smooth trajectories.For slowly varying commands, this
term may be neglected.

Because f2 is uncertain and external disturbances are present,
exact linearization is impossible. Equation (6) is approximated as
û = f̂ ¡ 1

2 (x1 , x2 , v), resulting in

Çx2 = v + D 0 (x1 , x2 , û) + d (8)

Fig. 2 Approximate dynamic inversion.

Fig. 3 Neural network with one hidden layer.

where

D 0 (x1 , x2 , û) = f2(x1, x2 , û) ¡ f̂2(x1 , x2 , û) = D (x̃1 , x̃2 , ®̄1, v)
(9)

In Eq. (9), D 0 :Rn £ Rn £ Rn ! Rn is a nonlinear mapping repre-
senting the inversionerror.The secondset of dependenciesin Eq. (9)
denotes an equivalent representation of this inversion error, which
will become useful in the subsequentadaptivecontrol development.
Figure 2 illustrates the approximate dynamic inversion.

Neural-Network-Based Adaptation
In the case of nonzeroinversionerror D , the controllaw in Eq. (7)

must be augmented by an adaptive term, to be denoted by vad. This
adaptive control is designed to counteract dynamic inversion errors
by taking advantage of the documented functional approximation
capabilitiesof SHL neuralnetworkssuch as the one shown in Fig. 3.
Following the notation used in Ref. 9, the output of this network,
with input x̄ 2 < N1 , takes the form

yi =
N2X

j = 1

"
w i j r ( N1X

k = 1

v j k x̄k + h v j

!
+ h w i

#
, i = 1, 2, . . . , N3

(10)

where r is the hidden-layeractivationfunction,v jk are the intercon-
nection weights between the input and hidden layers, and w i j are
the interconnectionweights between the hidden and output layers.
The bias terms h wi and h v j represent thresholds. This architecture
has N1 inputs, N2 hidden-layer neurons, and N3 outputs. The form
of the hidden-layeractivationfunction is a design parameter,but we
will consider the case of sigmoidal activation functions:

r (z) = 1/ (1 + e ¡ az) (11)

We may express Eq. (10) in matrix form as

y = W r (V x̄) (12)

where the thresholds are incorporated into the weight matrices as
follows:

W =

2

64
h w1 w11 ¢ ¢ ¢ w1N2

...
...

. . .
...

h w N3 w N31 ¢ ¢ ¢ w N3 N2

3

75

V =

2

64
h V1 w11 ¢ ¢ ¢ w1N1

...
...

. . .
...

h VN3 w N31 ¢ ¢ ¢ w N3 N1

3

75 (13)
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Here, we have de� ned

yT =
£
y1 y2 ¢ ¢ ¢ yN3

¤
(14)

x̄T =
£
1 x̄1 x̄2 ¢ ¢ ¢ x̄N1

¤
(15)

¾T (z) =
£
1 r (z1) r (z2) ¢ ¢ ¢

¤
(16)

A neural network of the type shown in Fig. 3 is capable of ap-
proximating any smooth function to any desired accuracy,provided
the number of hidden-layer neurons N2 is suf� ciently large. This
implies that for continuous D and any e N > 0 there exists a � nite
N2 and weight matrices W and V such that

D = W r (V x̄) + "(x̄) (17)

with k "k · e N . Therefore,Eq. (7) may be modi� ed to accountfor in-
version errorsby introducingas an additionalterm a neural-network
approximationof D . In this paper, an adaptive scheme will be em-
ployed to tune the weight matrices on-line so that the network re-
quires no off-line learning phase. The pseudocontrol v in Eq. (7)
may be represented in terms of its various components as follows:

v = v0 ¡ vad + v̄, v0 = K2x̃2 + Ç®̄1, vad = Ŵ r (V̂ x̄) (18)

where v̄ is an additional pseudocontrol term, to be de� ned. In the
expression for vad , the terms Ŵ and V̂ are adaptive estimates of
weight matrices W and V that have, in some sense, ideal constant
values.

Lyapunov stability theory will be applied to determine stable
learning rules for the parameter estimates Ŵ and V̂ as well as v̄. We
assume that the ideal weight matrices are bounded in the sense that
k W k F ·W̄ and k V k F · V̄ , where k ¢ k F denotes the Frobenius
norm, k A k 2

F = tr{AT A}. When not speci� ed otherwise, k ¢ k indi-
cates the Euclidean norm. Introducing more compact notation, we
may also write

Z =

µ
W 0

0 V

¶
with k Z k F · Z̄ (19)

The reference command x1c and its � rst two time derivatives are
also assumed to be bounded.

Observing the functional dependencies in Eqs. (9) and anticipat-
ing other dependencies that will arise later, we choose the network
input

x̄T =
¥
1 x̃T

1 x̃T
2 xT

1c ÇxT
1c ẍT

1c vT
ad k Ẑ k F

¦
(20)

which is bounded as follows:

k x̄ k · c1 + c2 k x̃ k + c3 k Z̃ k F ci > 0 (21)

where we have introduced the partitioned vector x̃T = b x̃T
1 x̃T

2 c of
state errors.

A key result that facilitates the extensionof theory previouslyde-
veloped for simple LIP neural networks to more complicated SHL
neural networks has been described in Ref. 9. It involves the use
of a Taylor series expansion of the hidden-layer output. De� ne the
error variables W̃ = Ŵ ¡ W , Ṽ = V̂ ¡ V , and Z̃ = Ẑ ¡ Z . Also, de-
� ne the hidden-layer output error as follows:

¾̃ = ¾̂ ¡ ¾ = ¾(V̂ x̄) ¡ ¾(V x̄) (22)

The Taylor series expansion of r about ˆr may then be written as

¾(V x̄) = ¾(V̂ x̄) ¡ ¾ 0 (V̂ x̄)Ṽ x̄ + (Ṽ x̄)2 (23)

where ¾ 0 (ẑ) = d¾(z) /dzj z = ẑ and (¢ )2 denotes terms with order
greater than one. These higher-order terms satisfy

(Ṽ x̄)2 = [¾(V x̄) ¡ ¾(V̂ x̄)] + ¾ 0 (V̂ x̄)Ṽ x̄

) k (Ṽ T x̄)2 k ·c4 + c5 k Ṽ k F + c6 k Ṽ k F k x̃ k + c7 k Ṽ k F k W̃ k F

ci > 0 (24)

where the inequality follows from the de� nition of the sigmoid
activation function and certain properties of vector norms.

Here, it is necessary to rewrite the x̃2 dynamics as

Çx̃2 = ¡ K2x̃2 + Ŵ ¾̂ ¡ W¾ ¡ (d + ") ¡ v̄

= ¡ K2x̃2 + W̃ ¾̂ ¡ W̃ ¾̃ + Ŵ ¾̃ ¡ (d + ") ¡ v̄ (25)

Recalling Eq. (22), we may also write

Çx̃2 = ¡ K2x̃2 + W̃ (¾̂ ¡ ¾̂ 0 V̂ x̄) + Ŵ ¾̂ 0 Ṽ x̄ + (w ¡ v̄) (26)

where ¾̂
0 =¾ 0 (V̂ x̄) and any extraneous terms have been collected

into the disturbance signal w as follows:

w = W̃ T ¾̂
0 V T x̄ + W T (Ṽ x̄)2 ¡ (d + ")

) k w k · C0 + C1 k Z̃ k F + C2 k Z̃ k F k x̃ k + C3 k Z̃ k 2
F

Ci > 0 (27)

The norm bound on w follows from Eqs. (21) and (24) along with
the boundednessof d, e, and ¾̂ 0 by certain norm inequalities.

For the stability analysis, consider a typical choice of Lyapunov
function candidate,

L2 = 1
2 x̃T

2 x̃2 + 1
2 tr

¡
W̃ C ¡ 1

W W̃ T
¢

+ 1
2 tr

¡
Ṽ C ¡ 1

W Ṽ T
¢

(28)

The Lyapunovanalysis is similar to thatofRef. 9, with modi� cations
to accountfor the more general structure of the open-loopnonlinear
plant as described in Eq. (1). Based on this development, learning
rules for the weight matrices are chosen as follows:

Ç̂V T = Ç̃V T = ¡ C V

£
x̄
¡
x̃T

2 Ŵ ¾̂
0 ¢ + k k x̃2 k V̂ T

¤

Ç̂W T = Ç̃W T = ¡ C W

£
(¾̂ ¡ ¾̂ 0 V̂ x̄)x̃T

2 + k k x̃2 k Ŵ T
¤

(29)

Note that the k terms in Eq. (29) correspond to the e-modi� cation
found in adaptive control literature. These terms provide additional
damping, which helps to contain the growth of the parameter esti-
mates. In addition,the pseudocontrolterm v̄ in Eq. (18) is de� ned as

v̄ = K Z ( k Ẑ k F + Z̄ )( k x̃1 k + k x̃2 k )ê2 (30)

where ê2 = x̃2 / k x̃2 k is a unit vector in the direction of x̃2 . The gain
K Z is chosen such that

K Z > C2 (31)

to effectively dominate nonlinear phenomena associated with pa-
rameter errors.

We then conclude that the trajectories of the closed-loop error
system are uniformly ultimately bounded whenever, in addition to
k > C3 , one of the following two inequalities holds:

k x̃ k >
( k ¡ C3)C 2

4
ê 4 + C0

r (K2)
= br

k Z̃ k F > C4 / 2 +
q

C 2
4
ê 4 + C0 / ( k ¡ C3) = bZ (32)

where C4 = ( k Z̄ + C1) / ( k ¡ C3) and r (K2) is the minimum singu-
lar value of the gain matrix K2 .

This result is a consequenceof an extensionof Lyapunovstability
theory that requires that the Lyapunovderivative ÇL2 remain negative
outside some compact set. In fact, the quantities on the right-hand
sides of the inequalities in Eq. (32) may be considered as practical
upper bounds on the errors. This completes the developmentof the
neural-network-basedadaptive control system. Figure 4 shows the
x̃2 subsystem under this adaptive control architecture.

Note from Fig. 4 and Eq. (20) that the network output vad is
also a network input. Thus, a critical assumption in the stability
proof involvesthe existenceof a � xed-pointsolutionfor the quantity
vad . This condition is guaranteed to be satis� ed because sigmoidal
activationfunctionsareboundedin magnitude.Furthermore,when a
stable � xed point exists, a simple iterativeschememay be employed
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Fig. 4 Adaptive control architecture.

Fig. 5 Agile missile con� guration.

to compute the network output. Note also that the plant dynamics
in Eq. (1) do not include unmodeled dynamics. Extensions of the
present methodology to allow input unmodeled dynamics, such as
those associated with actuators, are presented in Refs. 12 and 13.

Missile Autopilot Application
In this section, the neural-network-basedadaptivenonlinearcon-

trol methodologydescribed earlier is used to design an autopilot for
a next-generationantiair missile as shown in Fig. 5. This vehicle is
described in detail in Ref. 14. In the current scenario, the objective
is to design a bank-to-turn autopilot that tracks external guidance
commands in angle of attack and bank angle while holding sideslip
near zero.

Approximate Dynamic Inversion
The motion of a symmetric missile about its velocity vector may

be described by the following equations:
ÇV = (ax cos a + az sin a ) cos b + ay sin b

Ça =q ¡ (r sin a + p cos a ) tan b + ( ¡ ax sin a + az cos a ) /V cos b

Çb = p sin a ¡ r cos a ¡ [(ax cos a + az sin a ) sin b ¡ ay cos b ]/V

(33)

where V , a , and b are airspeed, angle of attack, and sideslip angle.
Here, ax , ay , and az are the body-axis components of acceleration
(including gravitational effects) whereas p, q , and r are the body-
axis angular rates. The moment equations have the form

Çp = L / Ix x , Çq = M / Iyy + (1 ¡ Ix x / Iyy ) pr

Çr = N / Iyy ¡ (1 ¡ Ix x / Iyy ) pq (34)

where L , M , and N are aerodynamicmoments about the body axes.
Finally, Ix x and Iyy are rolling and pitching moments of inertia and
are assumed to have nearly constant values.

To simplify roll control in bank-to-turn � ight, we now introduce
an aerodynamic bank angle l about the velocity vector. The bank
angle dynamics are described as follows:

Çl = [( p cos a + r sin a ) / cos b ] + [(ax sin a ¡ az cos a ) tan b ]/ V

(35)

The following development assumes the presence of a guidance
law that commands angle of attack, sideslip angle, and bank angle.
There are several possible alternativechoices for the roll command,
including body roll angle u , body roll rate p, and stability-axis roll
rate (ps = p cos a + r sin a ).

By the introductionof more compact notation,

x =

8
<

:

a

b

l

;
=

; ! =

8
<

:

p

q

r

;
=

; (36)

the last two of Eqs. (33) may be rewritten along with Eq. (35) as

Çx = a f + T (x)! (37)

where T (x) and a f are given by

T (x) =

2

4
¡ cos a tan b 1 ¡ sin a tan b

sin a 0 ¡ cos a

cos a sec b 0 sin a sec b

3

5

a f =

8
<

:

( ¡ ax sin a + az cos a ) / V cos b

[ ¡ (ax cos a + az sin a ) sin b + ay cos b ]/ V

(ax sin a ¡ az cos a )tan b / V

;
=

; (38)

The autopilotdesign methodologypresented will now be applied
to the systemdescribedbyEqs. (37) and (34). First, a � rst-order� lter
is applied to the guidance commands (a c , b c , and l c). Its outputs
are the � ltered commands and their � rst time derivatives:

x̄c =

8
<

:

¯a c

¯b c

¯l c

;
=

; , Çx̄c =

8
><

>:

Ç¯a c

Ç̄b c

Ç¯l c

;
>=

>;
(39)

Next, body-axisangular rate commands that stabilize the aerody-
namic angle error dynamics are computed as follows:

!c = T ¡ 1(x)(K x x̃ + Çxc ¡ a f ) + T T (x)x̃ (40)

where x̃ = x̄c ¡ x and we have used dynamic inversion. The pos-
itive de� nite gain matrix K x is typically chosen to be diagonal.
An integral term may also be included in Eq. (40), but has been
omitted here for simplicity. No adaptive control terms are neces-
sary at this stage of the design because the nonlinear dynamics are
suf� ciently well known. Equation (40) makes use of available ac-
celeration and velocity information,as well as estimates of angle of
attack and sideslip angle that are constructedfrom inertial data. The
accelerometer measurements are � ltered and biased appropriately
to account for gravitational effects. Note that the matrix T (x) may
be invertedbecause it is nonsingularfor all a and b except b = p /2,
which should not be encountered in bank-to-turn � ight.

At this point in the controldesignprocedure,we turn our attention
to the body-axisangular rates.A pseudocontrolinput v is de� ned by

Ç! = v, v = f (x, !, ±̂) (41)

where the functionf (¢ ) refers to the right-hand-sideof Eq. (34). The
missile’s body-axis angular rate dynamics must be approximately
invertedto determine the requiredcontrol input.For an approximate
inversion, the body-axis moments are represented linearly:

L ¼ L̂ = L b b + L p p + Lr r + L d p ˆd p + L d r ˆd r

M ¼ M̂ = M a a + Mqq + M d q ˆd q

N ¼ N̂ = N b b + Np p + Nr r + N d p
ˆd p + N d r

ˆd r (42)

The body angular rate dynamics of Eq. (34) are then rewritten as

Ç! = f (x, !, ±̂) = F̂(x, !) + B̂

8
><

>:

ˆd p

ˆd q

ˆd r

;
>=

>;
+ D (x, !, ±̂) (43)

where f is approximated linearly by introducing

F̂ =

8
><

>:

F̂p

F̂q

F̂r

;
>=

>;
, B̂ =

2

4
L d p / Ix x 0 L d r / Ix x

0 M d q / Iyy 0

N d p / Ix x 0 N d r / Iyy

3

5 (44)
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with

F̂p = (L b b + L p p + Lrr ) / Ix x (45)

F̂q = (M a a + Mqq) / Iyy + (1 ¡ Ix x / Iyy ) pr (46)

F̂r = (N b b + Np p + Nr r) / Iyy + (1 ¡ Ix x / Iyy ) pq (47)

Performing the approximatedynamic inversion, the control input ±̂
is written as follows:

±̂ = B̂ ¡ 1(v ¡ F̂) (48)

The next step in the control design is the computation of the
pseudocontrol input v. Here, the commands generated by Eq. (40)
are � ltered to obtain

!̄c =

8
><

>:

p̄c

q̄c

r̄c

;
>=

>;
, Ç̄!c =

8
><

>:

Çp̄c

Çq̄ c

Çr̄ c

;
>=

>;
(49)

which are used in Eq. (18) to obtain the following:

v = K x !̃ + Ç!̄c ¡ vad + K Z

¡
k Z k F + Z̄

¢¡
k x̃ k + k !̃ k

¢
!̃ / k !̃ k (50)

where vad is the adaptivecontrolcomponent included to cancel non-
linear inversion errors. As in the aerodynamic angle loops, K x is a
positivede� nite gain matrix, and the error variable !̃ = !̄c ¡ ! has
been introduced. The matrix KZ must be chosen suf� ciently large
as described earlier in Eq. (31).

In practice, the stability and control derivativesin Eq. (42), along
with trim values of the control inputs, could be scheduled as a func-
tion of � ight condition. This, however, presumes that an accurate
full-envelope model of the vehicle is available. In the current im-
plementation, these derivativesare computed based on the assump-
tion of constant values of the nondimensionalmoment coef� cients,
shifting the burden of gain scheduling to the neural network. The
dynamic inversion control law may be simpli� ed further by intro-
ducingadditionalapproximationsas simulationresultswarrant.The
neural network would then be required to additionally compensate
for any effects that are neglected by the dynamic inversion.Finally,
the control inputs computed by Eq. (48) are distributed among the
missile’s aerodynamic control surfaces and Reaction Control Sys-
tem thrusters using a suitable control allocation algorithm.

Neural-Network Architecture
By the substituting of Eq. (40) into Eq. (37) and Eq. (48) into

Eq. (43), the closed-loop error dynamics can be written as follows:

Çx̃ = ¡ K x x̃, Ç!̃ = ¡ K x !̃ + vad ¡ D (x, !, v) ¡ v̄ (51)

A suf� ciently large neural network of the type shown in Fig. 3 is ca-
pable of approximately reconstructingthe nonlinear inversion error
D and may, therefore, be used to compute the adaptive contribu-
tion to the pseudocontrol.The adaptive pseudocontrolinput in each
channel is, thus, computed by Eq. (18) presented earlier. A stable
learning rule is again given by Eq. (29).

Various neural-network topologies and choices of inputs were
considered in this study. The results presented correspond to a neu-
ral network with only � ve sigmoidal hidden-layer neurons. Each
neuron has an internal activation potential of a = 0.01. Network
inputs were chosen to include x̃, !̃, xc, Çxc , vad, k Z k F , and Mach
number. Although it does not appear in Eq. (20), Mach number is
included here because its variation affects the nonlinear inversion
error. This does not alter the proof of stability because for our pur-
poses Mach number may be considered a bounded, slowly varying
parameter. The network inputs ẍc have been omitted to reduce the
size of the network and the complexity of the overall design. Also,
note that because b c(t ) ´ Çb c(t ) ´ ¨b c(t) ´ 0, these particular inputs
may be omitted without loss of generality. The learning rates C W

and C V were chosen as diagonal matrices with nonzero elements
equal to 400. Other parameter values used in the neural-network
implementationwere k =0.01 in Eq. (29) and K Z =0.5 and Z̄ =50
in Eq. (30).

Fig. 6 Intercept trajectories.

Fig. 7 Angle-of-attack step responses.

Simulation Results
Numerical results have been obtained using a neural-adaptive

nonlinear autopilot in a nonlinear, six-degree-of-freedom(6-DOF)
simulation of the agile antiair missile featured in Ref. 14. A typical
engagementgeometry for this missile is the head-onmerge scenario
shown in Fig. 6. In this example, the missile and target intercept
trajectories lie primarily in the local horizontal plane.

Figure 7 compares responses of several autopilot designs to a
90-deg step command in angle of attack. These include a conven-
tional linear gain schedule, the SHL neural network autopilot de-
scribed earlier, and an autopilot design that employs a LIP neural
network as investigated in Ref. 8.

The simpler LIP network required a learning rate as high as
10,000 to achievedesiredperformance,causingundesirableoscilla-
tion in the transient response. In this case, the SHL neural network
provides a more effective, though nonlinear, parameterization the
inversion error. This parameterizationfacilitates improved approxi-
mation without an excessivelearning rate. The SHL neural-network
controller surpasses the gain schedule in performance,even with re-
duced knowledge of the system dynamics.

Moreover, the neural networks in these two controllers have ap-
proximatelythe samenumberof parameters.Here, the SHL network
has 15 inputs, 5 hidden layers, and 3 outputs, which (with thresh-
olds) add up to 98 adjustable weights. The LIP network in Ref. 8
had 10 inputs and performed a second-order polynomial approxi-
mation, resulting in a total of 110 unknown coef� cients. One dis-
advantage associatedwith the introductionof hidden-layerneurons
is the increased complexity and conservatismof the stability proof,
especially the need for the v̄ term.

Figure 8 shows the angle of attack and sideslip responses for the
engagementshown in Fig. 6. Excellent tracking is achieved,in spite
of the nondimensionalmoment coef� cients being approximated as
constants in computing the nonlinear inverse control. Turn coor-
dination is preserved by maintaining zero sideslip throughout the
intercept. The roll angle histories presented in Fig. 9 indicate that
similar performance is achieved in the roll channel.
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Figures 10 and 11 illustrate the neural network’s ability to re-
construct nonlinear inversion errors in the pitch rate and yaw rate
dynamics. The neural-network response illustrated in Fig. 11 indi-
cates that the most severe inversion errors are associated with the
yaw rate dynamics. These errors are caused by variations in the
aerodynamic moment coef� cients with Mach number and angle of
attack, which were not modeled in the nonlinear control design.
Based on the sideslip response in Fig. 8, however, it is unnecessary
to modify the network for improved yaw rate error reconstruction.

Figure 12 shows the neural-network reconstruction of roll rate
inversion errors. Modi� cations that tend to improve the responseof
the network includeadding hidden-layerneuronsand increasingthe
learning rates. No signi� cant improvements were observed, how-
ever, for greater than 10 hidden-layer neurons. Five neurons were
ultimately used because this number provided a balance between
network size and accuracy. Similarly, increasing the learning rates
improves the network’s approximationof D up to the point at which

Fig. 8 Angle-of-attack and sideslip responses.

Fig. 9 Roll angle response.

Fig. 10 Pitch rate inversion error reconstruction.

Fig. 11 Yaw rate inversion error reconstruction.

Fig. 12 Roll rate inversion error reconstruction.

Fig. 13 Neural-network weight update.

the weight update becomes too fast to be adequately represented in
the discrete-time simulation.

Finally, Fig. 13 is included simply to illustrate the variation of
the weight matrices over time, as captured by k V̂ k F and k Ŵ k F .
Because the neural network provides only a local approximationof
the inversionerror, the weights do not approach steady-statevalues.
Instead, learning occurs when conditions vary most rapidly.

Conclusions
A nonlinear bank-to-turnmissile autopilotbased on approximate

dynamic inversionhasbeenproposed.With the aid of an SHL neural
network, this autopilottracksguidancecommands in angleof attack
and bank angle while holding sideslip angle near zero. A more
traditional skid-to-turnautopilot design could be developed simply
by replacing the bank angle state with body-axis roll angle and
regulating body-axis roll rate to zero.

The effectiveness of this control system has been demonstrated
in a nonlinear 6-DOF agile antiair-missile simulation. Numerical
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results indicate distinct improvements over LIP networks used in
previous work. Moreover, such improvements are achieved using
fewer adjustableweights. The price of improved inversion error re-
constructionis the need for additionaldesign parameters.Lyapunov
stability theory dictates only that the various design gains should
be suf� ciently large, but excessive conservatism in assigning their
values may degrade performance. Nonetheless, we have demon-
strated that SHL neural networks enable an approximate nonlinear
controller to ef� ciently adapt on-line to uncertain nonlinearaerody-
namic phenomena. This is an especially important feature when, as
in the missile autopilot example, these phenomena are dif� cult or
impossible to model accurately for purposes of design and simula-
tion. Furthermore,SHL neuralnetworkspossessdistinctadvantages
over simpler LIP networks for this application.

Neural-network-basedadaptive control of nonlinear systems is a
maturing technology area that promises to be applicable to a wide
range of systems. To date, challenging nonlinear control problems
characterizedby simultaneousnonaf� nedependenceonplant inputs
and nonlinearly parameterized uncertainties have been addressed
successfullyusing these techniques.Meanwhile, other research has
made progress in the area of robustness to unmodeled dynamics.
Currently active research is directed toward unitingneural networks
with hiddenlayersand robustnessto unmodeleddynamicsin a single
control design.
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